Strong-field quantum electrodynamics predicts electron-seeded electron-positron pair cascades when the electric field in the rest-frame of the seed electron approaches the Sauter-Schwinger field, i.e. η = E RF /E S ∼ 1. Electrons in the focus of next generation multi-PW lasers are expected to reach this threshold. We identify three distinct cascading regimes in the interaction of counter-propagating, circularly-polarised laser pulses with a thin foil by performing a comprehensive scan over the laser intensity (from 10 23 -5 × 10 24 Wcm −2 ) and initial foil target density (from 10 26 -10 31 m −3 ). For low densities and intensities the number of pairs grows exponentially. If the intensity and target density are high enough the number density of created pairs reaches the relativistically-corrected critical density, the pair plasma efficiently absorbs the laser energy (through radiation reaction) and the cascade saturates. If the initial density is too high, such that the initial target is overdense, the cascade is suppressed by the skin effect. We derive a semi-analytical model which predicts that dense pair plasmas are endemic features of these interactions for intensities above 10 24 Wcm −2 provided the target's relativistic skin-depth is longer than the laser wavelength. Further, it shows that pair production is maximised in near-critical-density targets, providing a guide for near-term experiments.
I. INTRODUCTION
To correctly describe the interaction of strong electromagnetic fields with matter requires strong-field quantum electrodynamics (QED). The well-known "break down" of the vacuum via pair production is predicted to occur at the critical Sauter-Schwinger field E S = m 2 c 3 /eh ≈ 1.32 × 10 18 Vm −1 . Strong-field QED processes can occur in fields far weaker than this critical field. Non-linear Compton scattering of photons in the quantum regime and pair production via the Trident process can occur if the electric field in the rest-frame of the electron (or positron), E RF , is equal to the critical field, i.e. the quantum efficiency parameter η = E RF /E S ∼ 1. We can reach η ∼ 1 for laser fields much
weaker than E S as the fields themselves can rapidly accelerate electrons to high Lorentz factor, resulting in a strong Lorentz boost to E RF . Pair production by the multi-photon Upcoming facilities, like several of those comprising the Extreme Light Infrastructure (ELI) [1, 2] , are expected to reach laser intensities of I > 10 23 Wcm −2 , and will be capable of accelerating electrons in the plasma generated at the laser focus such that η ∼ 1. The possibility of the experimental realisation of this regime, has stimulated investigation of the above QED processes in laser-matter interactions. In particular, the prediction that strong-field processes might lead to the prolific production of photons and pairs has led to various studies of laser-induced electromagnetic cascades and their requirements [3] [4] [5] [6] [7] [8] [9] [10] [11] .
These studies suggest that cascades should be possible once laser intensities reach I ∼ 10 23−24 Wcm −2 , as expected from upcoming facilities. A direct consequence of a pair cascade is the formation of a dense electron-positron pair plasma [6, [12] [13] [14] [15] [16] [17] [18] . Pair plasmas generated by cascades are believed to play an important role in extreme astrophysical contexts such as pulsar magnetospheres and active black holes [19] [20] [21] . Pair plasmas created during a cascade in a laser-plasma interaction are predicted to couple strongly with the field of a laser leading to near-total absorption of the laser pulse [6, 22, 23] , with consequences for applications of these lasers, for example quenching radiation pressure ion acceleration [24] [25] [26] . Hence, the experimental realisation of laser-induced cascades will mark the transition to a regime, as yet only inferred in astrophysical environments, where strong-field QED and plasma effects are coupled [12, 13] . This is in contrast to experiments where non-linear Compton Scattering [27] [28] [29] [30] and multi-photon Breit-Wheeler pair production [31] have previously been observed in the interaction of electron beams with intense lasers, i.e. not in a plasma environment.
The coupling between plasma and QED effects suggests that pair cascades will be sensitive to the initial target density, plasma effects being far less significant in very low density targets [25] . In this paper we show that this is indeed the case and that there are three cascade regimes defined by the initial target density (and laser intensity). This is in contrast to previous work which has usually considered cascades from a small number of seed electrons or very low density plasma [6, 10] or cascades from targets with a narrow range of higher densities, for examples of the latter see Refs. [14, 17] . Specifically, we investigate the case of two counter-propagating circularly-polarised laser pulses interacting with a thin foil.
Here cascades are seeded by electrons in a plasma target with electron number density
for laser pulses each of intensity
We have simulated cascades using the particle-in-cell (PIC) code epoch, [32] , which includes the strong-field QED processes described above [33] . 1D & 2D simulations have been performed in order to show where in I 24 -n 0 space cascades and dense pair plasmas will develop, as has previously been done for gamma-ray emission by non-linear Compton scattering only [34] .
In doing so, we outline expectations for future experiments using ultra-high intensity lasers and provide an approximate model for predicting the production of a dense pair plasma over a wide range of possible experimental conditions.
II. SEMI-ANALYTICAL SCALING FOR THE PAIR PLASMA DENSITY
In order to interpret the cascade simulations presented later, it is useful to derive a simple scaling for the number of pairs produced. This will also allow us to identify the cascading regimes and their dependence on target density. Similar scalings have been presented previously for cascading from a very low initial electron density [10] and for a cascade in in initially underdense plasma [25, 35] . Here we extend this to include the case of an initially near-critical density or overdense plasma to enable us to explore density space fully. We begin by discussing the electromagnetic fields.
A. Counter-propagating circularly-polarised laser fields
The electric field of a circularly-polarised plane-wave propagating in the x-direction is E = E 0 f (t)(0, sin φ, ± cos φ), where φ = ω L t − kx, ω L and k are the laser frequency and wavenumber, respectively, f (t) is a function determining the slowly varying temporal profile of the laser pulse, and E 0 is the amplitude of the wave. The ± sign on the cosine determines the sense of the field rotation. We can further define the laser strength parameter a 0 = eE 0 /mω L c for later use. [36] For circular-polarisation, a 0 ≈ 600
propagating wave is introduced by letting k → −k. Adding these positive (+k) and negative (−k) moving components, for same-sense combinations (i.e. the sign on the z-component of each beam is (±, ±)), the resultant electric field (for ease we set
and describes a standing wave in x rotating about the beamaxis, with electric (magnetic) nodes at kx = nπ/2, for odd (even) n, i.e. for x = nλ/4.
If the wavelength is long relative to length scales of processes involved, we can approximate the field by a rotating electric field, given simply by the time-dependent portion of the equation for E above. In this case, electron motion and pair production can be treated as in [3] to fairly good approximation.
B. Relativistic Transparency
If we consider a plasma place between the two circularly-polarised waves, then for laser intensities such that a 0 1, the motion of electrons becomes sufficiently relativistic that their average Lorentz factorγ ≈ (1 + a 2 0 ) 1/2 (neglecting radiation reaction -discussed below) must be accounted for in the effective plasma frequency ω p / √γ . Sinceγ 1, this means the plasma frequency is dramatically reduced relative to the laser frequency and a plasma which was overdense at lower intensity becomes underdense, allowing the laser to propagate through the plasma. As the plasma frequency is related to the plasma density by ω p ∝ n 1/2 e , and given that the non-relativistic critical density is n C0 = m e ε 0 ω 2 L /e 2 , the relativistically corrected critical density becomes n C =γn C0 . At the intensities considered in this work, a 0 1 and soγ ≈ a 0 and using the value for a 0 given above the relativistically-corrected critical density is n C ≈ 600n
A further correction is due to the strong radiation reaction experienced by electrons at intensities sufficient for quantum effects to become apparent, thus requiring the introduction of a damping correction which reducesγ below a 0 [22] . When radiation damping is weak the critical density is the same as the undamped value given above, that is n W C . However, for intensities I 24 > ∼ 1, damping becomes strong and the critical density becomes n S C ≈ 2a 0 n C0 . Here we use the undamped classical value n C = n W C = a 0 n C0 for simplicity, and here on when discussing under/overdense plasma we mean relativistically under/overdense.
C. Strong-field effects
The important strong-field QED effects in laser matter interactions have been discussed extensively in the literature (see, for example [4, 33, 37] ), we review them here for convenience. The characteristic field of non-linear quantum electrodynamics is the Sauter- 
where the last equality is valid when the electron (positron) is ultra-relativistic. p µ is the four-momentum of an electron travelling in a background electromagnetic field with field tensor F µν , γ is the Lorentz factor of an electron travelling at velocity v, E ⊥ is the component of the electric field perpendicular to the electrons motion (i.e. perpendicular to v) and B is the magnetic field.
An electron at a magnetic node of the standing wave formed by counter-propagating circularly-polarised laser pulses performs circular motion with the centripetal force provided by the component of the laser's electric field perpendicular to its motion E ⊥ . In this case η = γE ⊥ /E S . At high intensities the average value for the Lorentz factor of an electron
1/2 ≈ a 0 (again neglecting radiation reaction -see Refs. [3, 22] for the equivalent discussion including radiation reaction), meaning the average η valueη ≈ a 0 E ⊥ /E S ≈ 1.75I 24 λ µm for counter-propagating circularly-polarised beams (assuming E ⊥ = 2E 0 ). For pair production to become important we require that the electromagnetic field strength approaches the Sauter-Schwinger field, i.e.η ∼ 1, from which it can be seen that for counter-propagating lasers of λ µm = 1 we require the intensity be I 24 ∼ 0.57. by an electron resulting in a single high-energy γ-ray photonhω γ , i.e. e − + nhω L →hω γ .
It governs the emission of high-energy γ-ray photons by an electron or positron accelerated by the laser fields. The average energy of the emitted gamma-ray photon is (hω γ ) av ≈ 0.44η times the emitting electrons energy [4] and so for η ∼ 1 each emission leads to a large change in the electrons energy and the electron's motion becomes stochastic [38, 39] . However, it has recently been shown that a modified-classical approach to radiation reaction using the ultra-relativistic form of the Landau Lifshitz equation [40] including the Gaunt factor g(η)
for synchrotron emission [41] describes the average motion of the electron population to good approximation [42, 43] .
The trident process occurs when a virtual photon decays into an electron-positron pair which is subsequently separated by an external electromagnetic field. The rate of this process increases relatively slowly with intensity [3] and as such it is typically ignored as it will be here.
The final process of multi-photon Breit-Wheeler pair production is similar to the Trident process but results from a real photon, rather than virtual, interacting with laser photons to produce a pair, i.e.hω γ + nhω L → e − + e + . This process is dependent on a second Lorentz-invariant quantum parameter for the photonhω γ ,
wherehk ν is the 4-momentum of the photon interacting with a background (laser) field, hω γ is its energy and k is its 3-wavevector. In the case of photons emitted by an electron performing circular motion at the magnetic node, the average value of χ is given byχ ≈
Rates for non-linear Compton scattering and multi-photon Breit-Wheeler pair production are known and are conveniently reviewed in, for example, [44] . These rates were calculated under the assumptions of a quasi-static and weak external field. The first requires that the formation length of processes be short relative to the characteristic length-scale of change in the external field so that the rates may be calculated for a constant field. In general the rates depend not only on η and χ (as defined in equations (1) and (2)) but also the
However, provided the weak-field approximation applies, i.e. that E 0 E S (F, G 1 and η 2 max (F, G)), the rates can be treated using the constant crossed-field configuration (as a function of η, χ only). In this case the rate that an electron with energy γmc 2 emits a photon and a photon with energȳ hω γ decays to an electron-positron pair are [8, 44 ]
λ c and α f are the Compton wavelength and fine-structure constant. F (η, χ) is the quantum synchrotron function (whose form is given in [33] ) and
a Bessel function of the second kind). When developing the semi-analytical model we will assume that η =η & χ =χ in these equations for the rates.
D. Identifying the cascade regimes
We now have the formulae required to develop our semi-analytical model of dense pair plasma production. Laser-induced electron-positron cascades have been previously investigated for various laser intensities, targets and laser pulse shapes (e.g. [3, 4, 7, 10] ). The dynamics of cascades are complicated and in general analytical solutions are unattainable.
Recently Grismayer et al. [10] derived semi-analytical scalings for the growth of the cascade from a small number of seed electrons. This has been extended to include cascades from an initially underdense plasma by Luo et al. [35] and Del Sorbo et. al [25] . The latter cases, where the seed is an initially present electron-ion plasma, is far more likely to be realised in experiments. We extend the analysis of this case to include the case where this electron-ion plasma has density close to or above the critical density.
We can write the coupled rate equations for the number of pairs N ± and the number of
Here we have neglected photon emission from the electrons in the initially present electronpositron plasma. Recently it has been shown that the generated electron-positron plasma radiates more energy [25] .
These equations have solutions of the form N ±,γ (t) ∝ exp Γt, where the cascade growth rate is
If the time between emissions is small, i.e. if W
L , then the distance a particle can travel from its parent before emitting itself is short ( λ). Hence, if the initial density of electrons in the field region is n 0 , the density of electron-positron pairs will evolve in a manner similar to N ± or according to
This assumes that the plasma formed of the original electron ion plasma and the generated pair plasma is everywhere underdense (i.e. the plasma frequency of the plasma is less than the laser frequency) so that the lasers are perfectly transmitted and the standing wave may form without disturbance.
The previous assumption breaks down if the number density of electrons in the original electron-ion plasma or the self-generated pair plasma approaches the relativisticallycorrected critical density for the laser light n C =γn C0 =γm e ε 0 ω 2 L /e 2 . In this case the plasma can shield the electrons and positrons from the laser fields by the skin effect and pair production is curtailed [12, 13] . To account for the skin effect we propose the following heuristic modification to equation (7) (which we will see works well when compared to simulation results):
The factor exp (−λ/δ S ) for constant wavelength λ and relativistic skin depth δ S = √γ c/ω p ∈ (0, ∞) -ω p is the electron plasma frequency in the originally present electron-ion plasma.
That is, in the limit that the relativistic skin depth δ S is large (i.e. δ S λ) the exponential factor goes over to unity, giving the original underdense case in equation (7), and as the skin depth becomes small (δ S λ) the number of pairs approaches zero as expected due to the reduced interaction volume of the strong laser-fields with the plasma.
As the cascade progresses the number density of pairs can continue to grow until either it reaches the relativistically-corrected critical density n C =γn C0 =γm e ε 0 ω 2 L /e 2 , at which point the laser energy is fully absorbed by the pair plasma [10, 22] , depleting the field -the cascade saturates. We can estimate the saturation time (t C ) by setting n ± = n C in equation (8) , which gives
provided the laser pulse length τ P is longer than t C the cascade can saturate resulting in the formation of a relativistic-critical density pair plasma.
Using equation (8) for n ± and equation (9) for t C , we can discern three regimes for the cascade, depending on the initial target density and the laser intensity:
1. Exponential growth: if the laser intensity is sufficiently high and the plasma is relativistically underdense, i.e. the skin-depth is larger than the laser wavelength, then the interaction volume of the laser with the plasma is large enough that a cascade can be initiated, generating a pair plasma whose density grows exponentially according to (8).
2. Saturation: t C is less than the laser pulse duration τ p and the cascade develops until a critical density pair plasma forms and the cascade saturates. Once this occurs the plasma partially absorbs (and partially reflects) the remainder of the laser pulse.
Therefore for τ p > t C we would expect appreciable laser absorption caused by nonlinear Compton scattering and the resulting radiation reaction in the generated critical density pair plasma [10, 22, 25] . If τ p < τ C the cascade remains in the exponential growth phase, so the density of pairs remains low and thus there will not be appreciable laser absorption.
3. Cascade suppressed : if the electron number density in the initially present electronion plasma is higher than the relativistically-corrected critical density the laser-plasma interaction region is severely limited by the small skin depth. In this case equation (8) predicts a progressively lower number density of pairs produced scaling inversely with the target density, i.e. the cascade is suppressed even if the laser intensity high enough to cause a cascade in an initially underdense plasma.
III. VERIFYING THE CASCADE REGIMES WITH PIC SIMULATIONS A. Simulation set-up
To investigate the semi-analytical scaling for pair plasma number density given in equation (8) and the cascade regimes predicted in section II D, we performed 1D and 2D PIC simulations using the QED-PIC code epoch [32] . epoch includes strong-field QED processes using a now standard Monte-Carlo model, described in Ref. [33] . We simulated the specific case of two counter-propagating circularly-polarised lasers interacting with a l = 1 µm thick hydrogen plasma target. The peak intensity I (of one of the counter-propagating laser pulses) and the initial electron number density in the target n 0 were varied between Each laser had a continuous flat temporal-profile, with a Gaussian ramp-up (with timescale λ/2c), in order to reduce numerical artefacts due to discontinuities. The laser wavelength was chosen to be λ = 1 µm to be close to expected values from future multi-PW laser facilities. In the 2D simulations, the beam was given a Gaussian profile in the transverse direction, with focal spot size 2.5 µm.
For simplicity, the target was a fully-ionised Hydrogen plasma. The target was initialised with density given by a top-hat profile in the x-direction (the direction of laser propagation), so that n(x, t = 0) = n 0 for |x| ≤ 0.5 µm and zero elsewhere. In the 2D simulations, the target was simply extended infinitely in the transverse (y) direction to form a foil.
In the 1D simulations the spatial domain was 8 µm in length and discretised with 1024 cells. A reflecting boundary was placed at x = 0 in order to reduce computational load (this is reasonable when considering the longitudinal symmetry of the physical set-up). A total of 100 × 1024 ≈ 10 5 macroparticles were used to initialise the target plasma, split equally between protons and electrons. While in the 2D simulations a domain size of 6 µm × 12 µm was used, discretised with 600 cells in the x-direction and 1200 cells in the y-direction. produced no substantial changes to the generation of a dense pair plasma, and would have been prohibitively computationally expensive for I 24 > 1. We have neglected collisions. Figure 1 shows the time evolution of the number of pairs N ± and the production rateṄ ± for selected 1D simulations. As previously seen by Grismayer et al. [10] two distinct phases of the cascade are observed: (1) an exponential growth phase where the plasma remains sufficiently underdense that the standing wave pattern is not disturbed; (2) a saturation phase where the pair plasma density reaches the relativistic critical density and the laser energy is absorbed and the rate of pair production levels off. The dynamics of the cascade is as follows: at t = 0, the laser hits and begins to bore through the target, compressing the electron density. In the cases considered in figure 1 , the target is initially underdense and the laser propagates mostly unhindered by the plasma, forming a standing wave in the plasma volume after a time l/c ≈ 3.33 fs. If the laser intensity is such that η ∼ 1, then γ-ray photons radiated by the electrons (and positrons) can decay to form electron-positron pairs within the laser-plasma interaction volume, initiating the cascade.
B. 1D Simulation results
From figure 1 , we note that increasing the target density does not change the overall behaviour of the cascade in the exponential growth phase; that is, the functional dependence of the number of pairs produced and the production rates on time remain similar as we vary the target density, but are offset temporally as the cascade must develop from fewer seed electrons in a lower density target. Figure 2 shows the density of positrons produced at t = 30 fs. This supports the description of the temporal evolution of the cascade given above. For the lowest target density the cascade has yet to saturate and the standing wave in the electromagnetic fields has yet to be disrupted by the generated pair plasma. As a result the created positrons congregate in the nodes of electric field (the magnetic nodes are unconditionally unstable). For higher density targets the cascade has saturated at the critical density, disrupting the standing wave and so the periodicity in positron density is lost. predictions are shown by the colour plot and the 1D simulation results by the coloured dots.
The theory and simulation results are qualitatively well-matched, we can see the demarcation of the regimes predicted by the model are borne out by the simulation results. Both the model and the simulations predict that the region where a dense pair plasma is created extends to lowest intensity when the initial density of the target is close to the critical density. In the simulations a dense pair plasma forms at intensity > 5 × 10 23 Wcm −2 . This is in line with Zhu et al. [17] , who observe a similar effect using structured plasma to strongly focus two ∼ 10 22 Wcm −2 pulses (to > 10 23 Wcm −2 ) incident on a near-critical hydrogen plasma. Note that there is some discrepancy between the simulations and the simple model when the target density close the critical density. At this density we expect very complex plasma behaviour, not easy to capture in a simple scaling law, and so would not expect perfect agreement.
Absorption due to pair generation
We now consider the impact of the generated dense pair plasma on laser absorption. As described in §II C, the processes of non-linear Compton scattering and multi-photon BreitWheeler pair production both result in the absorption of photons from the background field. In addition energy can be absorbed from the laser pulse as the laser-fields accelerate the generated pairs against the radiation reaction force. The latter classical absorption dominates over the former quantum effect [46] which is neglected in the simulations.
A model for absorption has been derived by Grismayer et al. [23] and developed for dense targets by Del Sorbo [25] . In this model it is assumed that strong absorption will occur once the pair plasma density reaches the critical density. The time for this to occur is given by equation (9) above, which results in a new adaptation of the model to include the skin effect in dense targets. The laser absorption is then the ratio of the energy absorbed to the laser energy which, for t C ≤ τ P , is
where the Heaviside function Θ(τ P − t C ) accounts for the model assumption that the absorption is negligible, i.e. zero, for t C > τ P . For continuous beams, as considered in this paper, the pulse duration is taken to be the time from when the laser pulses collide to the time at which the absorption is measured. Figure 4 shows the percentage of laser energy absorbed as predicted by the above model, i.e. equation (10), and obtained from the 1D simulations 42 fs after the laser hits the target.
Again the simple model predicts the simulations results qualitatively very well, although discrepancies at around the critical density are again seen. The agreement with the simple model and a comparison with figure 3, demonstrates that strong laser absorption is strongly correlated with the generation of a dense pair plasma. Recently it has been shown that the dense pair plasma generated in cascades radiates the laser energy effectively and it is this which results in the laser absorption and thus ignoring absorption until the onset of a cascade is justified [10, 25] . However, absorption caused by the electrons in the original near critical plasma may be a cause of the enhanced absorption in the simulations at the critical density when compared to the model [22] (in addition to enhanced absorption due to more pair creation in the simulations of near-critical targets than the model predicts). (Right) Positron production rate dN p /dt. The behaviour is qualitatively the same as in the 1D simulations, the results of which were shown in figure 1.
FIG. 6.
The normalised pair plasma density n ± /n C = n ± /γn C0 from equation (8) at time t = 40 fs (capped at n ± /n C = 1). Dots are the results of 2D simulations with the specified parameters (the pair density is capped at the critical density).
C. 2D simulation results
In order to test the robustness of the identified cascading regimes in a more realistic scenario, 2D simulations were performed (with parameters described in section III A). Figure   5 shows that, as in the 1D case, the cascade exhibits an exponential growth phase followed by saturation. 
IV. DISCUSSION
We have investigated the case of two counter-propagating circularly-polarised lasers interacting with a thin fully-ionised hydrogen plasma. Electron-positron cascades in these interactions can lead to the formation of dense pair plasmas dependent on the target density and laser intensity. We have identified several regimes of laser-plasma interaction based on whether or not a cascade can develop. We have shown, by developing a simple model that for intensities I 24 > 1 the growth rate in the number of pairs is sufficient for the production of a relativistic-critical density pair plasma in a time comparable to a typical laser-pulse duration ∼ 40 fs. The cascade saturates and the produced pair plasma absorbs a substantial fraction of the laser energy. The optimum initial hydrogen target density for this to occur is close to the relativistic critical density with the intensity required to develop a cascade to saturation increasing as the density decreases ( figure 3 ). We showed in figure 1 that as the initial target density decreases below the relativistically-corrected critical density the temporal evolution of the number of pairs looks similar (exponential growth followed by saturation) but is shifted to later time as the cascade must grow from fewer particles and the growth rate per particle is the same. Thus for a given intensity the production of a dense pair plasma depends simply on whether the initial density of the target is sufficient for the density of pairs to reach the relativistic critical density in time t C given by equation (9) which must be less than the laser pulse duration. Most previous studies have considered cascades seeded by targets of much lower density [6, 10] , in which case a higher intensity is required to initiate the cascade. In addition many previous studies considered linearly-polarised lasers which are favourable to cascades but make comparison to simplified analytical theory more difficult, suggesting that we may be underestimating the reduction in the intensity required to initiate a cascade by the use of near-critical density targets.
As the initial target density increases beyond the relativistic critical density pair cascades are rapidly suppressed due to the shielding of the laser fields by the skin effect in the dense initially present electron-ion plasma and the laser pulses are reflected. We found that a hard cut-off in the number of pairs produced at the relativistic critical density does not match the simulations as well as a heuristically introduced exponential fall-off proportional to exp(−λ/δ c ). We have seen that the inclusion of a transverse direction in the simulations reduces the generation of pairs (as seen for tighter focusing [47] ), although near-critical targets are still optimum for pair plasma production, as has previously been shown for gamma-ray emission [48] [49] [50] . This reduction can be attributed to transverse spreading of pairs from laser focus due to ponderomotive and thermal pressure.
Recent work has shown that photon polarisation [51] and electron spin [52] [53] [54] could affect the development of the cascade. These effects are not considered here. These effects should change the cascade growth rate and so may affect the intensity required for saturation. The fact that cascade saturation and suppression depend entirely on plasma processes suggests that these electron spin and photon polarisation processes will not change the various phases of the cascade identified in section II D and so will not qualitatively change the cascade regimes presented here. In addition we only consider a very simple counter-propagating laser geometry, recent work has shown that more complicated laser pulses and geometries or high atomic number targets could be favourable to cascades [55] [56] [57] [58] . Again we would not expect a more complicated laser pulse geometry to qualitatively change the cascade regimes.
The largest difference would be expected for a single laser illuminating the target from one side. By comparing the results from a recent paper considering this case [25] we see that the regimes are broadly similar but that the cascade occurs at much lower intensity in the counter-propagating laser case considered here -for single-sided illumination the target is accelerated to relativistic speeds by the laser's radiation pressure, reducing the intensity in its rest-frame [25, 59] (although Doppler boosting can increase the degree of collimation of the emitted gamma-ray photons [60] and perhaps also the produced pairs, which may be advantageous for some applications). Comparison to this work suggests that if dense pair plasma production is the desired outcome of an experiment then two-sided illumination of a near-critical density plasma is the ideal choice. If cascade suppression is required then the choice should be single sided illumination of a significantly under-dense or over-dense target and in the over-dense case ions will be accelerated efficiently without laser energy loss to a cascade-produced pair plasma.
V. CONCLUSIONS
We have simulated QED cascades in the case of two counter-propagating circularlypolarised lasers of intensity I ∈ [0.1, 5] Wcm −2 interacting with a hydrogen plasma foil of thickness 1 µm and initial density n 0 ∈ [10 26 , 10 31 ] m −3 . We found that above a threshold intensity the cascade saturates producing a pair plasma with density equal to or greater than the relativistically-corrected critical density. The optimum target density for this was found to be the relativistic critical density at which substantial absorption of the laser by the created pair plasma occurs ( > ∼ 50%). For densities lower than this there are too few electrons in the in target to initiate a cascade (the number of pairs grows exponentially but does not reach saturation), at higher density the skin effect screens the laser fields and the cascade is suppressed. This provides a guide for pair plasma production experiments with next generation multi-PW lasers.
